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Global gravitational models (GGM)

V:                gravitational potential of the earth

GM:            earth’s gravitational constant  (M = total mass)

a:                equatorial radius of the earth ellipsoid

Anm, Bnm:     geopotential coefficients of the earth

Pnm:             Legendre functions of degree n and order m

A series expansion of the earth’s gravitational potential by 
spherical harmonic functions (with respect to a sphere)

Global gravitational models (GGM)

• Spherical harmonic series of earth’s gravitational potential V
� from mathematics, Laplace’s equation

� from physics, Newton’s gravitational law
� what are the meaning of zero-, 1st, 2nd degree terms ?

• Spherical harmonic series of other gravity field quantities

• Available GGMs and applications for geoid determination

• Estimation of geopotential coefficients
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Laplace’s equation

• in rectangular coordinates (x,y,z)

• in spherical coordinates          :
V  is called a 

harmonic function

Example of a harmonic function
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→ f(x,y,z), reciprocal distance, is a harmonic function

Example of a harmonic function

Laplace’s equation

The external gravitational potential V
is always a harmonic function→
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General solution of Laplace’s equation

General solution of Laplace’s equation

• introducing new notations:

→
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Spherical harmonic series

→

Surface spherical harmonics
of degree n and order m

Solid spherical harmonics
of degree n and order m

→

Legendre functions Pnm(t)

m=0

→

Legendre function
of degree n and order m→

Legendre polynomial
of degree n→

Pn0(t)= Pn (t)→
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Legendre functions

Recursive formulas of Legendre functions
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Normalization of surface spherical harmonics

Orthogonality
Principle of surface 
spherical harmonics

Normalized Legendre functions
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Recursive formulas of normalized Legendre functions

Normalized spherical harmonic series

→

→

Normalized spherical 
harmonic coefficients for 
a sphere of radius R
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Harmonic analysis

Global gravitational models (GGM)

• Spherical harmonic series of earth’s gravitational potential V
� from mathematics, Laplace’s equation

� from physics, Newton’s gravitational law
� what are the meaning of zero-, 1st, 2nd degree terms ?

• Spherical harmonic series of other gravity field quantities

• Available GGMs and applications for geoid determination

• Estimation of geopotential coefficients
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Gravitational potential of the earth

Coordinates of computation point P :

Coordinates of moving element    :

Gravitational potential of the earth

Addition theorem of normalized 
surface spherical harmonics
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Gravitational potential of the earth

Zero-degree term

The zero-degree term is the gravitational potential 
generated by a point mass equal to the total mass of the
earth and placed at the origin of the coordinate system  

For zero-degree term, n = m = 0

→
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Coordinates of the mass center of the earth

x0 = y0 = z0 = 0 if the origin O of the coordinate 

system is placed at the mass center of the earth→

First-degree terms

For first-degree terms, n = 1, m = 0, 1

All first-degree terms are zero if the origin O of the 

coordinate system is placed at the mass center of the earth→
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Moment of inertia of a rigid body

Moment of inertia around x-,
y- and z-axis, respectively: Product of inertia:

Moment of inertia of a body  v 
with density ρ around axis    :
(r is the distance from dm to the axis) 

Inertia matrix of the earth
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2nd-degree terms

For first-degree terms,  n = 2, m = 0, 1, 2

Ellipticity of the earth

-------→ Non-circular equator

→

Spherical harmonic series of V

All coefficients have units !

All coefficients increase with  n→
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Spherical harmonic series of V

� Coefficients have no units !

� refer to a sphere of radius a and 

� do not increase with n
→

→

Spherical harmonic series of other quantities

Geoid height

Gravity disturbance

Gravity anomaly
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Spherical harmonic series of the 
gravitational potential V’ of the ellipsoid

Spherical harmonic series of 
the disturbing potential T
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Estimation of potential coefficients

• Traditionally through analysis of perturbations 
of satellite orbits (low-degree coffefficients)

• Integration of surface gravity anomalies from 
gravity measurements on land and altimetry 
measurements over the oceans

• Combination of above two types information

• Dedicated satellite gravity missions: satellite-
to-satellite tracking (GRACE), gradiometry 
measurements (GOCE)

Estimation using gravity anomalies

r = a

→
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Estimation using gravity anomalies

Global Gravitational Models (GGM)

• a set of normalized spherical harmonic 
coefficients of the gravitation potential V of the 

earth, complete to degree and order nmax

( n ≤ nmax )

• together with some ellipsoidal parameters: a, GM

• estimated from satellite measurements or ground 
measurements or a combination of them.
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How many coefficients ???

If nmax  = 2191, there will be more than 

4.8 million potential coefficients !!!

Existing GGM



2009-05-26

20

Global Gravitational Model GEM-T2

Global Gravitational Model GEM-T2
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World geoid map derived from JGM2S

High degree combined model: EGM2008

• Developped by US National Geospatial-Intelligence Agency

• Use global 5’ by 5’ gravity anomaly data set

• Adjusted to / Combined with ITG-GRACE03S, to degree 180

• Final model complete to degree Nmax = 2190

• GM-value not compatible with GRS-80

• Two versions: Non-tidal and zero-tidal versions

• Corresponding to height anomaly. 

Correction to geoid height is available.
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Gravity data used to develop EGM2008

Pavlis et.al. (2008) 

Gravity data used to develop EGM2008

 
Source % Area Min. Max. RMS RMS σ 

ArcGP 3.0 -192.0 281.8 30.2 3.0 

Altimetry 63.2 -361.8 351.1 28.4 3.0 

Terrestrial 17.6 -351.9 868.4 41.2 2.8 

Fill-in 16.2 -333.0 593.5 46.8 7.6 

Non Fill-in 83.8 -361.8 868.4 31.6 2.9 

All 100.0 -361.8 868.4 34.5 4.1 

(ϕ, λ) 19.4°, 293.5° 10.8°, 286.3°   
 

Statistics refer to edited and downward continued gravity anomalies. 
 

The area void of high quality 5´ data (~16% of the globe) is also the “roughest” area of 
the gravity anomaly field.  Pavlis et.al. (2008)  
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More recent GGMs vs GPS/levelling

Barthelmes, et.al (2015) 


